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0. Introduction 
Spherical unirational homotopy objects as an example of a homotopy theory in- 
ternal to the category of algebraic varieties over a field are introduced. Calculations 
of homotopy groups of spheres are made when the l-sphere is involved. The funda- 
mental groups of the general and special linear groups are determined. A poly- 
nomial representation of 2 in the usual second homotopy group of the complex 
sphere is found. 
Let k be a field whose characteristic is not 2 and VAR the category of algebraic 
varieties defined over k. For this and other notions from algebraic geometry, see [4]. 
Then VAR* will denote the category of based algebraic varieties, whose objects are 
of the form (V, *) with * E I/ (the basepoint of a variety will always be denoted * 
unless there is possible confusion) and whose morphisms f : (V, *) + ( W, *) are the 
morphisms in VAR such that f(*) = *. We call the subset S”(k) of k”+l defined by 
2 X1 +*.*+x,2+, = 1 a k-n-sphere. Pick a base point * for S”(k). We will show in 
Section 3 that there are isomorphisms in VAR sending any choice of basepoint for 
S”(k) to any other choice of basepoint. Thus the homotopy objects that we define 
below will be (up to an equivalence of functors) independent of choice of basepoint 
for S”(k). 
Let (X, *) be a based algebraic variety. Consider the collection [(S”(k), *), (X, *)] 
of maps (S”(k), *) -+(X, *) in VAR*. Then we associate to (X, *) the nth spherical 
unirational homotopy object (group operations are defined only in certain cases). 
Z&(x, *) = [(S”(k), *),(X *)I/- 
where - is defined below. 
Definition 0.1. Let (V, *), (W, *) be two based algebraic varieties and J;~E 
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Hom,,o,(( V, *), (W, *)). Then f-g if and only if there is a map F: Vx k + W such 
that F(*, t) = * for all t E k, F(o, 0) =f ( ) f u orallu~VandF(u,l)=gforallu~V.In 
that case - is the equivalence relation which is the transitive closure of =. One says 
that f is homotopic to g if and only if f-g. 
Remarks. (1) Let k be algebraically closed. If I/and Win Definition 0.1 were projec- 
tive, then two homotopic maps would induce the same map of the intersection rings. 
See [3, p. 1791. 
(2) Any non-singular quadric intersected with a suitable affine open is isomorphic 
in VAR to an S”(k). See [4, p. 381. 
(3) We use the words spherical unirational to describe the homotopy here since 
the homotopy objects are defined by maps from S”(k) and since the image of 
S”(k) under a map in VAR is a unirational variety. 
If k = R or @, then the usual homotopy groups of an algebraic variety X with base- 
point * (see [S]) will be denoted nL(X, *). Every map in [(S”(k), *),(X, *)] is con- 
tinuous sending base point to base point. Also, to every homotopy of elements in 
[(S”(k), *),(X, *)I, using Definition 0.1, one can associate a homotopy of these 
elements in the usual sense. Thus, there is a map 
@ : lir,(X, *) + L$(X, *). 
The principle aim of this paper was to develope a homotopy theory in VAR as 
true as possible to usual homotopy theory. Thus, one would like to determine when 
@ is bijective. Little is known about this question. Surjectivity (resp. injectivity) of 
C#J requires that sufficiently many maps from S”(k) (resp. S”(k) x k) to X in VAR 
exist. If X is rational (as in Theorem 0.2 and Theorem 0.3 below) one might hope 
that enough maps in VAR are available and that @ will then be bijective. In fact, 
Theorems 0.2 and 0.3 confirm this expectation. Furthermore, for k = C and X a 
curve of genus g>O, when not enough maps in VAR exist, the homotopy object 
n,(X, *) is trivial but n{(X, *)=Zg. 
Let (X, e) be a based algebraic group with e the identity of X and u the multiplica- 
tion. Suppose that f,g represent respectively two elements o, /3 in n,(X,e). Then 
n,(X,e) can be made into a group via Eckmann-Hilton (see [6, p. 21) where 
a *p = [h] and h is the composite 
s’(k)%s’(k)xS’(k)~ XxX5X 
with d the diagonal map. 
Let k be an algebraically closed field. Using this definition of multiplication, we 
show in Section 1. 
Theorem 0.2. (1) As a group II,(S’, e) is isomorphic to (77, +). 
(2) I7,(S’, e) = I7,(S”, *) is trivial for n > 1. 
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Theorem 0.2 was proven in [l] for a multiplication which did not correspond to 
the one in usual homotopy theory and which did not take advantage of the fact that 
S’ was an algebraic group. Also, some details of the proof of Theorem 0.2 in [l] 
are made more precise here. The results in Sections 2, 3, 4 and 5 are completely new. 
Let e be the n x n identity matrix. In Section 2, we show: 
Theorem 0.3. Let k be algebraically closed. 
(1) Let GL,(k) be the general linear group. Then Z7i(GL,(k), e)=Z as groups. 
(2) Let SL,(k) be the special linear group. Then n,(SL,(k),e) is trivial. 
(3) 17,(@‘(k))“, e) = Z”. 
Since the proof of Theorem 0.3 is considerably simpler than the proof of the cor- 
responding result in usual homotopy theory, one might hope to be better able to 
calculate the usual homotopy groups of algebraic groups by considering their 
spherical unirational homotopy groups. 
Jardine [7] and the author [l] have defined a homotopy theory for affine algebraic 
varieties in a slightly different way. Let d, = {(x0, .. . ,x,) E k”+’ ( x0 + -*. +x, = l> 
be a standard n-simplex and S(V), = Homv&l,, V) for an algebraic variety V be 
the set of singular n-simplices. Face operations ai”f, for instance, are defined by 
setting 
The homotopy groups 17,” of the resulting simplicial set are the homotopy groups 
of I’ddefined by Jardine and the author. The ‘circle’ in this setting is the cubic with 
one node. (See [7, p. 3171.) However, if k is algebraically closed, flr(S’(k), *) is 
trivial. To see this, consider a map f: A + S’(k). Since k is algebraically closed and 
since d,gk, S’(k)=:-(0) in VAR, f must be a constant. 
In Section 3 we show that S”(m) is a strong deformation retract of S”(C). Hence 
DL(S”(lR), *) is isomorphic to Z$(P(C), *) for m,n=O, 1,2, . . . . Wood [9] shows 
that, for n odd, the elements of n#“(lR), *) can be represented by polynomial 
maps. He conjectures that, for n even, only 0, +l in Z7L(S”(IR)) can be represented 
by polynomial maps. In Section 4 we show that the element 2 in 17A(S”(C)) can be 
represented by a complex polynomial map from S”(C) to S”(C). 
Finally in Section 5 we show that if T/is a complete variety and k is algebraically 
closed, then n,(v, *) is trivial. 
1. Homotopy groups involving S’(k) 
We fix an algebraically closed field k and write simply S” instead of S”(k). First 
S’ E k - (0) in VAR and we let 1 E k be the basepoint of S’. One can verify without 
difficulty that 
Homv,a.((S’, l), (S’, 1)) = {x” 1 II E Z} 
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and that the homotopy relation on {x” 1 n EZ} is trivial. Let xn,xm ~17r(Sl, 1). 
Then their product in Z7,(S’, 1) is the composite 
S’d.S’xS’ 
X”XXrn U 
-S’xS’-S’ 
which is equal to x~+~. Thus Z7,(S’, l)gZ in groups. Hence the first part of 
Theorem 0.2 is proven. 
The equation 
x,2+ ... +x;+r = 1 (1) 
can be rewritten as 
X;+.“+X;_l+XnXn+l=l (2) 
where Xi=xi (i~i~n-l), X,,=x,+ix,+, and Xn+l=xn-ixn+l. We will take (2) 
as the defining equation of the sphere in our new coordinates X,, . . . , X,, + r . The af- 
fine ring of S” can then be written 
1-x;-...-x;_r 
XII 1 
with the proviso that on X, = 0, 
l-X,2--..-Xx,2_r 
is indeterminate. We let (0, . . . , 0, 1, 1) be the basepoint of S”. Consider now a map 
f :S”+S’ where 
f(X,, .a*, X,,X,+,)=P(X,,...,X,)X~ (.iEa. 
Since P(X,, . . . , X,)=0 or 03 if and only if X,=0 and provided X~+.**+X~_r=f, 
one has P(X,, . . . , X,,) = CX,” (CE k, m E Z) and f = CX,” ‘j. But then some point 
onX,=O, Xf+...+X,2_,= 1 is sent to 0, a contradiction unless m +j = 0. Hence, 
P(S’,e)={e). 
To complete the proof of Theorem 0.2, one must show that I7,(S”, *) = { *}. We 
do this for n = 2. The extension 
the form 
to general n is obvious. First a map f : S’ + S2 has 
unless G=O. The form (kl,O,H) is ruled out by choice of basepoint. 
We first consider Case 1: f = (O,xm,xpm ) (m ~27). Symmetry of equation (2) 
allows us to take m 2 0. Then via first the homotopy 
1 -(t-tXm)2 
Xrn > 
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and then 
G*(x, t) = t - txm, (1 - (t - tx”)), 
1 -(t-tXm)2 
1 -(t-tXm) > ’ 
one obtains 
f-(l_x”,x”, 1-(;;xm)2)_*. 
Let now F= xpH, G = x”‘I (p, m E Z) with H, I polynomials in x and H(0) # 0, 
Z(O)#O. Suppose for, a polynomial R(x) in x, that R(X) denotes R(x) rewritten as 
a polynomial in R. Let us now consider Case 2: p2 0. Using the homotopy 
H(x, t) = 
1 - (Iqtx))2 
x”I(tX) > 
one finds f - (O,x”,x-“). We are then in Case 1. 
Suppose finally Case 3: p < 0. Then by successively applying deformations 
F+ tcx”(x- l)G, G, 
1 -(F+ tcx”(x- l)G) 
G > 
where deg(F+ cx”(x- l)G) > deg F, one has f-g where g has been treated in Case 
2. Thus Z7,(S2, *) = { *}. 
The proofs above are considerably refined versions of the proofs given in [ 11. 
2. Homotopy groups of some algebraic groups 
We prove Theorem 0.3. Part 3 is clear since f : S’ -+ (S’)” corresponds to n maps 
S’ --f S’. There is a map det : GL,(k) -+ St in VAR* which associates to any matrix 
in GL,(k) its determinant and sends identity to identity. The map det induces a 
homomorphism (det), : ZI,(GL,(k),e) +I7,(S’, 1) of groups where the homotopy 
class of aii : (S’, 1) --f (GL,(k), e) is sent to the homotopy class of P(x) = det&(x)) 
and P(x) = xm for some m E Z. Since 
det 
(det), is onto. Suppose that det(aij(x)) = 1. Then the terms in det(Qx)) as a poly- 
nomial in R=X- 1 except for the constant term cancel. Write au(x) = n,(x) where 
n,(x) is a polynomial in K and 
~;j (0) = L 1, i=j, 0, i#j, 
i,j=l , . . . , n. This is possible since (~(1)) = e. Then if 
F(x, t) = (a;j(tX)), det(F(x, t)) = 1 
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since the terms in t,T cancel except for the constant term. Hence F(x, t) defines a 
deformation from (au) to e. Thus (det), is an isomorphism and II,(GL,(k), e) E L. 
Clearly from the above argument any map (aij) : S’ + SL,(k) is homotopic to e 
and thus 
flr(SL,(k), 4 = 14. 
The results here are the same as those one has for topological homotopy theory. 
The proofs in the topological case are somewhat more complicated. See [2]. 
3. Basic results on spheres 
Let k be a field with characteristic 22. Let PE S”(k) and set, for (X, *) in VAR*, 
n,pvc *I = WW), PI, K *)I/-. 
Then there is an induced functor 
IIt: VAR”+ Sets. 
If Q E Sn(k), there is an obvious equivalence of functors between Z7,’ and I7:. This 
follows from the next result. 
Proposition 3.1. Any point P of S”(k) can be mapped to any other point Q of 
S”(k) by a linear invertible map of k” ’ ’ . 
To prove Proposition 3.1 we use Witt’s Theorem (see [8, p. 3601) for which the 
characteristic of k cannot equal 2. 
Theorem 3.2 (Witt). Let E be a vector space over k and g be a non-degenerate sym- 
metric form on E. Let F, F’ be subspaces of E and let G : F-t F’ be an isometry. 
Then G can be extended to an isometry of E onto itself. 
Let E=k”+‘, g((ai), (bi)) = C”,L\ Uibi, F be the vector space generated by P, F’ 
the vector space generated by Q and G be defined by setting G(P) = Q. Note that 
g(P, P) = g(Q, Q) = 1. Then by Witt’s Theorem G extends to an invertible linear map 
sending S”(k) onto S”(k) with G(P) = Q. Thus Proposition 3.1 holds. 
Next we show (see [5, p. 311): 
Proposition 3.3. There is a deformation retract of S”(C) onto S”(R). 
Proof. Let F: S”(C) x I+ S”(C) (I the unit interval) be defined by 
F(a,+ib,,t)=(a,+itb,)/A 
where A =J& and A’= Crz,’ (a,+ itb,)2. Note that, computing the real part, 
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Re(d’)=x~+...+x~+,-t2(b~+...+b~+r) 
=1+(1-tz)(b,2+...+b;+r)>1. 
Since F(a, 1) = a for a E S”(C) and F(x, t) =x for x E S”(m), t E I, F is the required 
deformation retract. 0 
4. A map of degree 2 from S*(C) to S2(C) 
We use the notation of Section 1. A map f : (S2(C), *) --t (S2(C), *) in VAR, using 
equation (2) for S2(C) in Section 1, must have the form f = (F, G, (I- F2)/G). 
Consider 
where 
R2=(P&,(1 -P:)/X;) 
Note that R,(O, 1,l) = (0, l,l). We prove: 
Proposition 4.1. As an element of 171(S2(C), *), the homotopy class of R2 is 2. 
Proof. Since there is a deformation (Section 3) F from S2(C) onto S2(lR), to view 
R2 as an element of Z7i(S2(Q *) one restricts R2 to S2(lR). Putting R2 back into its 
original coordinates, one see that, changing domain variables, 
R, = P,, (x2 + ix3)2, 
(1 - p:, 
(xz + ix3)2 > 
which changing range variables equals 
(P,, p2, P3) 
where 
P2=k (x2+ix3)2+ 
I 
(1 -Pl”) 
(x2 + ix,)2 1 
and 
P3 = A (x2 + ixs)2 - 
(1 -p:> I (x2 + ix3)2 * 
But in this last form R2 is, using F, homotopic to Re(R2)/1Re(R2)/ where IRe( 
is the length of Re(R,). Changing to polar coordinates and thus setting 
x,=rcos 9, x3 = r sin 9, 
one has 
where 
Re(&) = (PM, P#, e), Ps(r, 0)) 
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and 
We note the following properties of Pr(xr): 
(i) Pr(- 1) = - 1, P,(l) = 1 and PI(x) is increasing between - 1 and 1. 
(ii) P;(l)=P;(-l)=O. 
Hence (x, - 1) and (x1 + 1) appear in 1 - Pf with multiplicity 2. Since r2 =x2’ +x,2 = 
1 -x:, one thus has 
(1 -Pf) ( r2+0 as 
One sees then that the map 
a = Re(R,)/jRe(R,)l 
satisfies 
x, + +l. 
(a) As a point P ranges in the x1 direction from top to bottom of S2(IR), its 
image point a(P) ranges in the x1 direction from top to bottom of S2(lR). 
(b) For fixed x1 (- 1 5x1 5 1) as a point P goes around S2(lR) its image point a(P) 
goes around S2(IR) twice. 
It is then immediate that a represents 2 in Z7i(&(lR), *) and that R2 then represents 
2 in II&(C), *). 
5. Triviality of homotopy groups of complete varieties 
Suppose that k is an algebraically closed field. Let (X, *) be in VAR* with X a 
complete algebraic variety. We prove: 
Proposition 5.1. I7,(X, *) is trivial. 
Proof. Every map f: S’ -+X can be imbedded in a commutative diagram 
S’(k)AX 
k 
in VAR where i is an inclusion (see [4, p. 431). Define 
G:S’(k)xk*C 
by setting G(x, t) =g@t) where g(x) is g(x) rewritten as a polynomial in X=x- 1. 
Then G(x, 1) =g@) =g(x) for XE S’ and hence G(x, 1) =f. Also G(x,O) =g(O) = 
g(l) = *. The proof is complete. q 
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